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The harmonic balance method is a very useful tool for characterizing and predicting the response of nonlinear

dynamic systems undergoing periodic oscillations, either self-excited or due to harmonic excitation. Themethod and

several of its variants were applied to nonlinear aeroelastic systems over the last two decades. This paper presents a

detailed description of several harmonic balance methods and a continuation framework allowing the methods to

follow the response of dynamic systems from the bifurcation point to any desired parameter value, while successfully

negotiating further fold bifurcations. The continuation framework is described for systems undergoing subcritical

and supercritical Hopf bifurcations as well as a particular type of explosive bifurcation. Themethods investigated in

this work are applied to a nonlinear aeroelastic model of a generic transport aircraft featuring polynomial or free-

play stiffness nonlinearity in the control surface. It is shown that high-order harmonic balance solutions will

accurately capture the complete bifurcation behavior of this system for both types of nonlinearity. Low-order

solutions can become inaccurate in the presence of numerous folds in the limit-cycle oscillation branch but can still

yield practical engineering information at a fraction of the cost of higher-order solutions. Time-domain harmonic

balance schemes are shown to be more computationally expensive than the standard harmonic balance approach.

I. Introduction

T HE study of nonlinear aeroelastic systems has become an
increasingly important field of research over the last two

decades. It is now recognized by both academics and industry that
aircraft can be nonlinear and that the nonlinearity can cause dynamic
phenomena such as limit-cycle oscillations (LCOs) that cannot be
predicted using linear methods. Additionally, the forced response of
nonlinear aeroelastic systems to harmonic excitation depends not
only on the frequency of the excitation but also on its amplitude.

One method that has been used for a number of years to
characterize and predict nonlinear phenomena is the harmonic
balance method. Though some attribute the method to Poincaré, the
reference usually quoted as the first complete presentation of
harmonic balance is by Kryloff and Bogoliuboff [1]. Since then a
number of authors have applied the method to various nonlinear
dynamic and aeroelastic systems. Additionally, numerous variants of
the method have been proposed, usually in its higher-order form:
higher-order harmonic balance (HOHB). The object of all HB
methods is to express the periodic response of nonlinear systems
(either due to limit-cycle oscillations or harmonic excitation) as the
Fourier series that best approximates the true system response.

The harmonic balance method is very efficient when applied to
parameter-independent systems but can become computationally
expensive when the evolution of system response with varying
values of the controlling parameters must be investigated. Several
authors have proposed methods for continuing efficiently harmonic
balance solutions over a range of parameter values but these
approaches are, in general, only applicable to single HB variants.
Additionally, little work has been devoted to the rigorous
explanation of how the HB continuation can be started at the
bifurcation point for various types of bifurcation.

The purpose of this work is threefold. First, to present the
harmonic balance method and most of its variants under a unified

framework and to demonstrate that many of the variants are
conceptually different but practically identical. Second, to facilitate
the application of HB methods to parameter-dependent systems
undergoing LCOs using a rigorous continuation framework, capable
of starting HB solutions at the bifurcation point for three particular
types of bifurcation. Finally, to demonstrate the continuation of HB
approaches on a nonlinear aeroelastic system of a generic transport
aircraft (GTA)with nonlinear stiffness in the aileron deflection angle.

II. Higher-Order Harmonic Balance

The concept behind the harmonic balance (and its higher orders),
as applied to free or forced vibration problems, is very simple. The
method attempts to find a Fourier series approximation of the true
response of a given nonlinear system that is undergoing limit-cycle
oscillations. In other words, it is assumed that the solution of the
nonlinear system can be represented as a sum of sine and cosine
terms. Consider a general unforced nonlinear system of the form

_x� f�x; t;w� (1)

where x�t� is a m � 1 vector of system states, t is the time, w is a
p � 1 vector of system parameters, and f�x; t;w� is am � 1 vector of
nonlinear functions. The object of harmonic balancing is to
approximate periodic solutions of this system, x�t�, as a sum of
sinusoids. There are two mechanisms by which periodic oscillations
can occur: either the system is excited by an external periodic force or
it is undergoing self-excited oscillations (LCOs). This paper deals
with the latter case, hence the forced response case will not be
discussed in length.

Assuming that the system is undergoing LCOs and following the
harmonic balance methodology, the states are approximated by

x �X0 �
XN
k�1
�Xk1 sin k!t�Xk2 cos k!t� (2)

where ! is the fundamental response frequency; X0, Xk1, Xk2 are
unknown coefficients; andN is the order of the approximation. If the
order is chosen as N � 1, then the classical first-order HB
approximation is obtained. HOHB schemes refer to N > 1. To
simplify the terminology, the term harmonic balance will be used to
denote harmonic balance methods of all orders. Equation (2) is
substituted into Eq. (1), yielding
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XN
k�1
�k!Xk1 cos k!t� k!Xk2 sin k!t�

� f

�
X0 �

XN
k�1
�Xk1 sin k!t�Xk2 cos k!t�

�
(3)

The right-hand side of this expression can be expanded into a sum of
sinusoids either using algebraic methods or using Fourier analysis.
The result is an equation of motion of the form

XN
k�1
�k!Xk1 cos k!t� k!Xk2 sin k!t�

� F0 �
XN
k�1
�Fk1 sin k!t� Fk2 cos k!t� (4)

where F0, Fk1, and Fk2 are known functions of w,X0,Xk1,Xk2, and
!. This equation must be solved forX0,Xk1,Xk2, and !. There are
two main approaches to the solution of such equations in the
aerospace literature: harmonic balancing and Galerkin’s method.

A. Harmonic Balancing

This consists simply of equating the coefficients of every sine and
cosine term to zero. In other words, the total coefficients of sin!t,
cos!t, sin 2!t, cos 2!t, etc., as well as the constant term must be
equal to zero for the equations of motion to be satisfied. Harmonic
balancing leads tom�2N � 1� nonlinear algebraic equations in terms
of !, X0, Xk1, andXk2 of the form

F 0 � 0 k!Xk2 � Fk1 � 0 � k!Xk1 � Fk2 � 0 (5)

for k� 1; . . . ; N or, in simpler notation,

g �X0;Xk1;Xk2; !;w� � 0 (6)

where g are nonlinear functions. The solution of these equations
yields an approximation of the true LCO behavior of the nonlinear
system for the chosen parameter values. Notice that there are m �
�2N � 1� � 1 unknowns including the frequency and only m �
�2N � 1� equations. This problem can be overcome without loss of
generality if, for example, the first element ofX12 is set to zero, thus
decreasing the number of unknowns tom � �2N � 1�. This process
is sometimes called phase fixing.

B. Galerkin’s Procedure

It should be mentioned that the harmonic balance approach is
sometimes called the Galerkin [2] or Galerkin–Newton–Raphson [3]
method. Lau and Zhang [4] stated that Galerkin methods are exactly
equivalent to harmonic balancing. Galerkin’s method seeks to solve
differential equations using a set of basis functions. For an equation
of the type _x� f�x; t;w�, a solution is sought of the form

x � c0�0�t� �
XN
k�1

ck�k�t� (7)

where �k�t� are basis functions that are orthogonal over a certain
interval (say, �a; b�). Expressions (7) are substituted into the
equations of motion (1), which are then premultiplied by each of the
basis functions and integrated over the orthogonality interval,
yieldingZ

b

a

�j�t�
��

c0 _�0�t� �
XN
k�1

ck _�k�t�
�

� f

�
c0�0�t� �

XN
k�1

ck�k�t�
��

dt� 0 (8)

for j� 1; . . . ; N. If the chosen basis functions�k�t� are sinusoidal, so
that expression (7) is of the form of Eq. (2), and if the limits of
integration are chosen over a full period, then Eq. (8) becomes

Z
2�=!

0

�XN
k�1
�Xk1k! cos k!t �Xk2k! sin k!t�

� f

�
X0 �

XN
k�1
�Xk1 sin k!t�Xk2 cos k!t�

��
dt� 0 (9)

Z
2�=!

0

sin j!t

�XN
k�1
�Xk1k! cos k!t�Xk2k! sin k!t�

� f

�
X0 �

XN
k�1
�Xk1 sin k!t�Xk2 cos k!t�

��
dt� 0 (10)

Z
2�=!

0

cos j!t

�XN
k�1
�Xk1k! cos k!t �Xk2k! sin k!t�

� f

�
X0 �

XN
k�1
�Xk1 sin k!t�Xk2 cos k!t�

��
dt� 0 (11)

for j� 1; . . . ; N. Because of the orthogonality of sinusoidal
functions, integrals of the typeZ

2�=!

0

cos 2!t cos 3!t dt

and Z
2�=!

0

sin k!t cos k!t dt

will vanish, and Z
2�=!

0

sin2k!t dt� �=!

and Z
2�=!

0

cos2k!t dt� �=!

Thefinal result is that theGalerkin procedure yields the same 2N � 1
equations as harmonic balancing; that is,

g �X0;Xk1;Xk2; !;w� � 0 (12)

C. Expanding the Nonlinear Function

When substituting expression (2) back into the equation ofmotion,
the nonlinear term becomes a function of the sinusoidal series in this
expression.With some nonlinear functions (especially polynomials),
it is possible to expand them and reduce the higher-order powers of
the sinusoidal terms to higher-order frequencies, so that

f

�
X0 �

XN
k�1
�Xk1 sin k!t�Xk2 cos k!t�

�

� F0 �
XL
k�1
�Fk1 sin k!t� Fk2 cos k!t� (13)

where the order of the right-hand-side summation is denoted by L to
demonstrate the fact that nonlinearity will introduce terms of orders
that do not exist in the chosen sinusoidal expansion for x�t�. For
example, cos2N!t will introduce a cos 2N!t term. Some harmonic
balance methods truncate the right-hand side of Eq. (13) to order N,
as shown in Eq. (4), whereas others use different orders for the input
and output sinusoidal expansions. When L > N, the harmonic
balance equations (5) are supplemented by additional equations of
the form
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F k1 � 0 Fk2 � 0

for k� N � 1; . . . ; L. These additional equations create an
overdetermined system with m�2L� 1� equations and m�2N � 1�
unknowns.

Most nonlinear functions do not allow this type of analytical
expansion, either because they are too complex or because they are
discontinuous or nonanalytic. Such functions are usually expressed
directly as Fourier series, so that the F0, Fk1, and Fk2 coefficients in
Eq. (13) can be obtained from the well-known expressions for the
Fourier coefficients; that is,

F 0�
!

2�

Z
2�=!

0

f

�
X0�

XN
k�1
�Xk1 sink!t�Xk2 cosk!t�

�
dt

Fk1�
!

�

Z
2�=!

0

f

�
X0�

XN
k�1
�Xk1 sink!t�Xk2 cosk!t�

�
sink!tdt

Fk2�
!

�

Z
2�=!

0

f

�
X0�

XN
k�1
�Xk1 sink!t�Xk2 cosk!t�

�
cosk!tdt

(14)

Identical integrals are obtained from the Galerkin procedure
equations (9–11). This approach is taken, for example, by Pierre et al.
[5] and Lau and Zhang [4]. Strictly speaking, the preceding Fourier
expressions require that the functions f be analytic, continuous, and
integrable between the limits of integration. However, if the
integrations are carried out numerically, then these requirements are
relaxed. If the functions can be evaluated numerically at 2N � 1 time
instances tr � 0; 2�=!�2N � 1�; . . . ; 4�N=!�2N � 1�, then the
Fourier coefficients can be approximated using summations; that is,

F 0�
1

2N� 1

X2N
r�0

f�xr� Fk1�
2

2N� 1

X2N
r�0

f�xr� sink!tr

Fk2�
2

2N� 1

X2N
r�0

f�xr�cosk!tr

(15)

Liu et al. [6,7] expressed these summations as amatrix product of the
form8<
:

F0

Fk1
Fk2

9=
;

� 2

2N� 1

1
2
I 1

2
I 	 	 	 1

2
I

sink!t0I sink!t1I 	 	 	 sink!t2NI
cosk!t0I cosk!t1I 	 	 	 cosk!t2NI

0
@

1
A
8>><
>>:

f�x0�
..
.

f�x2N�

9>>=
>>;

(16)

for k� 1; . . . ; N, where I is am �m unit matrix. It should be noted
that the matrix in this equation contains many zeros so that a straight
matrix multiplication becomes inefficient.

Of course, this treatment can also be applied to nonlinear functions
that allow analytical expansions, thus avoiding the need to perform
complex and system-specific analytical operations. Once the Fourier
coefficients have been evaluated, they can be substituted into Eqs. (5)
to set up Eqs. (6).

It should be noted that the Fourier coefficients do not have to be
evaluated numerically over 2N � 1 time instances. The time-domain
signals xr can have any desired resolution, so that the number of time
instances can beM 
 2N � 1.

D. Discrete Fourier Transform Evaluation of Nonlinear Function
Fourier Coefficients

Ling and Wu [2] argued that the calculation of the Fourier
coefficients of the nonlinear function from the integrals of Eq. (14) or
the summations of Eq. (15) is computationally demanding. Instead,

they advocated the use of the fast Fourier transform (FFT) to
calculate these coefficients. They suggest that the number of points at
which f�x� is realized must be larger than 2N � 1 and equal to a
power of 2. Under these circumstances, they demonstrate that the
FFT calculation of the Fourier coefficients of f�x� requires
significantly fewer operations. Cameron and Griffin [8] and Leung
and Ge [9,10] also chose the FFT to calculate the Fourier coefficients
of the nonlinear function.

Kim and Noah [11] obtained the Fourier coefficients from the
discrete Fourier transform (DFT) as

F 0 �
1

M

XM�1
r�0

f�xr� Fk1 ��
2

M
=
�XM�1
r�0

f�xr�e|��
2�kr
M �
�

Fk2 �
2

M
<
�XM�1
r�0

f�xr�e|��
2�kr
M �
� (17)

where |�
�������
�1
p

,= denotes the imaginary part of a complex number,
and < denotes the real part.

E. Harmonic Balance with Newton–Raphson

Because the crux of the higher-order harmonic balance method is
the solution of a system of nonlinear algebraic equations, it was not
seriously considered as a possibility before the late 1970s, when
computers capable of such calculations started appearing. One of the
first successful implementations of a HOHB approach is the
multiharmonic balance technique of Tamura et al. [12] in 1981. They
presented a complete HOHB methodology, much of which is still
being used today by many authors. They handled the nonlinear term
by expressing it as a Fourier series, and they solved the nonlinear
algebraic problem of Eq. (6) using a Newton–Raphson procedure.
Many subsequent publications by other researchers describe exactly
the same procedure.

Define a� �X0 Xk1 Xk2 ! �T to be a vector containing all
the unknowns of Eq. (6). Then the equation can be written as

g �a� � 0 (18)

Assume that an ith estimate of the solution vector ai is available and
that its associated residual is g�ai�. A better estimate, ai ��ai, is
required, which has a residual of zero. Substituting this estimate into
Eq. (18) and expanding in a first-order Taylor series leads to

g �ai ��ai� � g�ai� �
@g

@a

����
ai

�ai � 0 (19)

By the Newton–Raphson method, if an ith estimate for a is
available (say, ai), then a better estimate can be calculated as

a i�1 � ai ��ai (20)

where �ai can be obtained from the solution of

@g

@a

����
ai

�ai ��g�ai� (21)

In other words, the improvement to the ith estimate is equal to the
inverse of the Jacobian matrix evaluated around the ith estimate
times the value of the nonlinear functions at ai. After a number of
iterations, the values of the estimated ai coefficients will converge.
They can then be substituted into Eq. (2) to yield a complete
sinusoidal approximation to the true response of the nonlinear
system.

The main difficulty of the Newton–Raphson method is the
calculation of the Jacobian. In some cases, the functions g�a� are
analytic and simple enough to allow the derivation of analytical
forms for the elements of the Jacobian matrix. However, it is quite
possible that g�a�will not allow analytical forms for the Jacobian. In
this case, the latter is estimated numerically; that is,
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@g

@a

����
ai

�g�ai � �a� � g�ai�
�a

(22)

where �a is a small increment to each of the elements of a.
Equation (22) is deceptively simple because it disguises the true
amount of required computation. For each of the elements of the
Jacobian matrix, the corresponding element of a is increased by �a,
whereas all the other elements are kept constant. Thus, if a has n
elements, then g must be computed n� 1 times for a total of
n � �n� 1� calculations (or n � n calculations if one of the
amplitudes was set to zero).

F. Newton–Raphson Versus Broyden

Ling and Wu [2] introduced a further innovation in the harmonic
balance methodology: the solution of the simultaneous nonlinear
equations by Broyden’s method [13] rather than Newton–Raphson.
Here, the two methods will be discussed and their relative merits
pointed out.

Asmentioned previously, a disadvantage of theNewton–Raphson
method is that the Jacobian must be calculated explicitly at each
iteration. An additional disadvantage is the fact that the procedure
can fail to converge. The initial guess a0 must be reasonably close to
the true solution to ensure convergence. On the other hand, when the
scheme converges, it converges quite quickly. A simple way to
improve the chances of convergence is to delay the convergence rate;
that is, replace Eq. (20) by

a i�1 � ai ���ai (23)

where� is the relaxation factor, a suitable positive real number less
than 1. The lower the value of �, the slower the convergence rate.
However, the improvement in the probability of convergence can be
marginal.

Broyden [13] developed a class of quasi-Newton methods for the
solution of nonlinear algebraic equations that do not require the
explicit calculation of the Jacobian at each time step. Equation (20) is
replaced by

a i�1 � ai �A�1i g�ai� (24)

where Ai is an approximation to the Jacobian matrix. Broyden [13]
showed thatAi�1 can be obtained from the earlier approximationAi

using

A i�1 �Ai �
�yi �Aisi�sTi

si 	 si
(25)

where

s i � ai�1 � ai yi � g�ai�1� � g�ai�

Thus, as soon as the new estimate ai�1 is calculated, the new value of
the approximate Jacobian can be obtained directly from Eq. (25),
without the need to carry out numerical differentiations of the type
shown in Eq. (21). Numerical differentiation is only necessary for the
estimation of the initial matrixA0, which can be taken to be equal to
the initial Jacobian matrix. A relaxation factor � can be used to
facilitate convergence and Broyden [13] gave some guidelines for
choosing its value.

It is obvious that Broyden’s [13] method requires fewer
computations per iteration because of its handling of the Jacobian.
Ling andWu [2] stated that Broyden’s [13] method converges more
slowly than Newton–Raphson, but the total computation time is
shorter because each iteration is less computationally demanding.
However, it should be pointed out that there is no guarantee thatAi�1
will always be nonsingular.

G. Simplification for Systems with Few Nonlinear States

Higher-harmonic-balance approaches can be very computation-
ally demanding, possibly even more so than the numerical
integration (time marching) of the equations of motion. The number

of unknowns in a typical HOHB iteration is m�2N � 1�, which can
be very high for a large system such as an aircraft featuring many
harmonics in its response. Accordingly, the Jacobian is a square
matrix of size m�2N � 1� �m�2N � 1�. Therefore, practical
applications of the methodology must take advantage of all possible
simplifications to reduce the number of unknowns.

The application of HOHB techniques to systems with few
nonlinear states can be significantly speeded up by treating such
systems as a superposition of a small nonlinear system and a large
linear system [14]. Here, a nonlinear state is defined as a state on
which at least one of the system’s nonlinearities depends. Aeroelastic
systems with concentrated structural nonlinearities fall into this
category. Consider a nonlinear system of the type shown in Eq. (1)
but with only one nonlinear state (say, xn). The equation of motion
can be written as

_x�Q�w�x� f�xn;w� (26)

where Q is a m �m matrix and f�xn;w� is a m � 1 vector of
nonlinear functions of xn only. The nonlinear state xn is expanded as
usual

xn � X0 �
XN
k�1
�Xk1 sin k!t� Xk2 cos k!t� (27)

leading to a nonlinear force of the type

f

�
X0 �

XN
k�1
�Xk1 sin k!t� Xk2 cos k!t�

�

� F0 �
XN
k�1
�Fk1 sin k!t� Fk2 cos k!t� (28)

Once the F0, Fk1, and Fk2 coefficients are evaluated (from initial
guesses forX0,Xk1,Xk2, and!) the nonlinear force becomes a known
function of time f�t�. This function of time effectively acts as the
excitation force for an equivalent forced linear system; that is,

_x�Qx� F0 �
XN
k�1
�Fk1 sin k!t� Fk2 cos k!t� (29)

Because the excitation is harmonic, the response will also be
harmonic; in other words,

x � X̂0 �
XN
k�1
�X̂k1 sin k!t� X̂k2 cos k!t� (30)

where X̂0, X̂k1, and X̂k2 are m � 1 vectors of constants to be
evaluated.

Solving the linear forced response problem leads to

QX̂0 ��F0 (31)

and

Q k!I
�k!I Q

� ��
X̂k1

X̂k2

�
�
�
�Fk1
�Fk2

�
(32)

for k� 1; . . . ; N, which are systems of linear algebraic equations to

be solved for the unknowns X̂0, X̂k1, and X̂k2. Now there are two
estimates for xn: the original guess of expression (27) and the
solution of the forced response problem. For the HOHB solution to
be unique, these two estimates must be equal; that is,

X0 �
XN
k�1
�Xk1 sin k!t� Xk2 cos k!t�

� X̂0n
�
XN
k�1
�X̂k1n sin k!t� X̂k2n cos k!t� (33)
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where X̂0n
, X̂k1n , and X̂k2n denote thenth elements of vectors X̂0, X̂k1,

and X̂k2. The governing equations of the HOHB scheme become

X0 � X̂0n
� 0 Xk1 � X̂k1n � 0 Xk2 � X̂k2n � 0 (34)

for k� 1; . . . ; N. Equations (34) are the equivalent of Eqs. (18) for
systems with few nonlinear states. In this case,
a� �X0 Xk1 Xk2 ! �T . In total, these are 2N � 1 equations
with 2N � 1 unknowns instead of m�2N � 1� equations with
m�2N � 1� unknowns. The computational savings of this approach
are obvious. In general, the number of unknowns is equal to
l�2N � 1�, where l is the number of nonlinear states. If all the states
are nonlinear, then Eqs. (34) are identical to Eqs. (18).

H. Simplification for Systems with Weak Higher Harmonics

Popov [15] proposed a special harmonic balance scheme for
systems with low-amplitude higher harmonics. Instead of the
sinusoidal expansion (2), he chose the following series:

x � u�t� � "v�t� (35)

where

u �t� �X0 �X11 sin!t�X12 cos!t

v�t� �
XN
k�2
�Xk1 sin k!t�Xk2 cos k!t�

and " is a small number. Equation (35) clearly denotes that the
dominant term in the system’s response is the first-order term,
whereas the higher-order terms have small contributions.
Substituting back into the equation of motion (1) yields

_u� "_v� f�u� "v� (36)

The nonlinear function can be expanded as a Taylor series around u
to give

_u� "_v� f�u� � @f

@u

����
u

"v (37)

Finally, orders of "0 and "1 are equated to yield

_u � f�u� � 0 (38)

_v � @f
@u

����
u

v� 0 (39)

The advantage of the Popov [15] approach is that the first-order
harmonic balance solution can be sought independently using
Eq. (38). Then it is corrected by the addition of the higher harmonics
obtained from Eq. (39). There is a wealth of literature on the first-
order harmonic balance but it is beyond the scope of this paper.

Lee et al. [16] applied Popov’s [15] method to a pitch-plunge
airfoil with cubic nonlinear stiffness and obtained responses similar
to those from a full third-order harmonic balance scheme for some of
the cases they investigated.

I. Incremental Harmonic Balance

The response of many dynamic systems depends on the value of
some governing parameters. The harmonic balance method, as
described in the previous sections, only yields one converged
solution of the equations of motion at one set of parameter values.
Lau et al. [17,18] first discussed a method for extending this solution
to other parameter values, usually called the incremental harmonic
balance (IHB) method. As will be shown later, the method itself
results in equations of motion identical to those obtained from the
harmonic-balance/Newton–Raphson combination. However, the
innovation of the IHB is the consideration of changes in parameter
values and the use of a predictor–corrector algorithm.

It is assumed that the full system response x0�t� is known at a
particular value of the system parameters w0 and that it is periodic.
Then the response for a neighboring set of parameter values

w � w0 ��w (40)

can be written as

x � x0 ��x (41)

Expressions (40) and (41) are substituted into the equation of
motion (1) to yield

_x 0 ��_x� f�x0 ��x; t;w0 ��w� (42)

where�_x� d��x�= dt. Lau et al. [17,18] then expandedEq. (42) by
means of a first-order Taylor expansion, yielding

_x 0 ��_x� f�x0� �
@f

@x

����
x0;w0

�x� @f

@w

����
x0;w0

�w (43)

where @f=@xjx0 ;w0
is the system’s Jacobian matrix at �x0;w0� and

@f=@wjx0 ;w0
is the parametric gradient matrix. Equation (43) can be

rearranged as

�_x � @f
@x

����
x0;w0

�x � @f
@w

����
x0 ;w0

�w�R0 (44)

where the residual term R0 is given by R0 �� _x0 � f�x0;w0�.
Equations (44) are a set of linear differential equations in �x with
time-varying coefficients. If �x0;w0� is an exact solution of the
equations of motion, then the residual will be equal to zero. If
�x0;w0� is an initial guess, then corrective terms ��x;�w� are
sought, such thatR is reduced. The ultimate goal is to minimizeR.

The known response and the response increment are written as a
sinusoidal series; that is,

x 0 �X0;0 �
XN
k�1
�Xk1;0 sin k!t�Xk2;0 cos k!t�

�x��X0 �
XN
k�1
��Xk1 sin k!t��Xk2 cos k!t�

(45)

and substituted back into Eq. (44). A Galerkin procedure is then
applied and the IHB governing equation is obtained:

T 1�a� T2�w� T0 (46)

where �a� ��X0 �Xk1 �Xk2 �T , T0 is a m�2N � 1� � 1
vector of residuals, T1 is am�2N � 1� �m�2N � 1�matrix, and T2

is a m�2N � 1� � p matrix. These equations can be solved for
�w� 0 to obtain a better approximation of the true response
x1 � x0 ��x. This �x1;w0� solution will have an associated
residualR1. Successive reapplication of the IHB procedure can yield
approximate system responses with progressively lower residuals.
This is known as the corrector step of the IHB. In fact, setting
�w� 0, Eqs. (46) become

T 1�a� T0 (47)

Notice the similarity between Eq. (47) and the harmonic balancewith
Newton–Raphson equation (21). In fact, Ferri [19] showed that the
sets of equations resulting from the two methods are identical. The
only difference between the methods is the order in which the Taylor
expansion and the Galerkin procedure are applied. It follows that
Eq. (18) can be expanded for a parametric increment�w as well as a
solution increment �x to yield

@g

@a

����
a0;w0

�a� @g
@w

����
a0;w0

�w��g�a0� (48)

and, by the same argument, Eqs. (48) are identical to Eqs. (46).
Incidentally, if Eqs. (48) or Eqs. (46) are applied to a converged
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solution at w0, then an estimate of the solution at w0 ��w will be
obtained. This is known as the predictor step of the IHB (or harmonic
balance with Newton–Raphson) methodology.

The incremental harmonic balance method was proposed for
systems excited by a sinusoidal force of known frequency.
Therefore, the fundamental response frequency ! is assumed to be
known and equal to the excitation frequency. Lau and Yuen [20]
extended the IHBmethodology to autonomous systems by assuming
that the solution x0 has a fundamental frequency!0. Then the nearby
solution x0 ��xwill have a frequency of !0 ��!. Equation (44)
becomes

�_x� @f
@x

����
x0;w0 ;!0

�x� @f
@w

����
x0 ;w0 ;!0

�w� @f
@!

����
x0 ;w0;!0

�!�R0 (49)

whereR0 �� _x0 � f�x0;w0; !0�. Relations (45) are substituted into
Eqs. (49) and a Galerkin procedure is applied to yield

T �1 �a� T2�w� T3�!� T0 (50)

where T3 is a m�2N � 1� � 1 vector. As mentioned previously, the
introduction of the frequency as an unknown must be offset by
setting one of the amplitudes to zero (e.g., the first element of�X12).
Therefore, T�1 is identical to T1 except that it is missing a column. If
�a is defined as�a� ��X0 �Xk1 �Xk2 ! �T , then Eqs. (50)
can be rewritten as T�1 �a� T2�w� T0 and they will still be
identical to the equivalent equations obtained from the harmonic
balance with Newton scheme.

Because of the duality between the two methods, they will be
collectively termed harmonic balance in this work and no distinction
will be made between them. As a historical note, a number of works
using the incremental harmonic balance term were published after
the initial work by Lau et al. [17,18]. The IHB method was first
applied to a two-degree-of-freedom (2-DOF) system by Pierre et al.
[5]. Leung andChui [21] also applied themethod to a 2-DOF system:
two coupled Duffing oscillators. The IHB term has survived into the
2000s (e.g., Xu et al. [22]). Chung et al. [23] chose the term
perturbation incremental method to refer to the IHB.

Leung and Ge [9] used the DFT methodologies in conjunction
with the incremental harmonic balance. Instead of sinusoidal series
of the form of Eqs. (45), a truncated Fourier series with complex
coefficients was employed; that is,

x 0 �
XN
k��N

Xk;0e
|kt �x�

XN
k��N

�Xke
|kt (51)

where Xk;0 and �Xk are complex. After substituting back into
Eq. (44), they performed an inverse discrete Fourier transform
(IDFT) to obtain the system of linear algebraic equations:

J�X�R (52)

where J is the Jacobianmatrix,R is the vector of residuals, and�X is
a vector containing all the �Xk. Because the IDFT is essentially a
form of numerical integration, its application is equivalent to the
Galerkin procedure. Leung and Ge [9] stated that their approach is
better than the standard IHB because the resulting Jacobianmatrix is,
or can be transformed into, a Toeplitz matrix. Systems of
simultaneous linear algebraic equations involving Toeplitz matrices
require fewer calculations to solve than general systems of equations.
The same authors applied the Toeplitz Jacobian matrix approach to
systems with discontinuous nonlinearities [10].

Equations (46) or Eqs. (50) can be solved either with �w� 0 to
obtain a better solution at the current parameter values w0 or with
�w ≠ 0 to obtain the solution at a new value of the parameters
(assuming that x0 is a satisfactory approximation of the system
behavior at w0). Hence, the IHB technique has two utilities [21]:

1) Given an approximate (or guessed) periodic solution, it can
correct it so that it moves closer to the true equilibrium condition

2)Given a converged periodic solution, it can predict a newnearby
periodic solution

J. Piecewise-Linear Nonlinearities

Piecewise-linear functions are commonly used to model some
nonlinearities in engineering systems. Such nonlinearities can arise
as a result of inadequate tolerancing, bad maintenance, or necessity.
In general, systems with piecewise-linear nonlinearities can be
treated using the Tamura et al. [12] approach (i.e., expressed as a
Fourier series). For example, Liu and Dowell [7] applied a harmonic
balance method to an airfoil with free-play stiffness in the control
surface. This has also been the standard treatment for first-order
harmonic balance calculations, such as those performed byYang and
Zhao [24]. Nevertheless, several researchers have developed higher-
order harmonic balance methodologies specifically adapted to work
efficiently with piecewise-linear nonlinearities.

One of the most ubiquitous nonlinearities usually modeled as
piecewise-linear functions is friction, which is most often
approximated by

�Nsign _y�t� (53)

where� is the coefficient of friction,N is the normal force, _y�t� is the
system’s velocity response, and sign is the signum function, equal to
1 if _y > 0, 0 if _y� 0, and�1 if _y < 0. Pierre et al. [5] treated a system
containing this nonlinearity using the incremental harmonic balance
method around a known solution _y0. Then a neighboring solution
will have a friction force given by

�Nsign� _y0 ��_y� (54)

Expanding this as a Taylor series around u0 gives

�Nsign� _y0 ��_y� � �N
�
sign _y0 ��_y

d�sign� _y��
d_y

����
_y� _y0

�

� �N�sign _y0 � 2�� _y0��_y� (55)

where the derivative of the sign function is taken to be equal to two
times the Dirac delta function �. The rest of the treatment is identical
to the IHBmethod with Galerkin, with sinusoidal basis functions for
_y0 and �_y. The integrals involving _y0 are calculated numerically,
taking care to exactly calculate the zeros of _y0.

Lau and Zhang [4] performed the calculations outlined earlier on
systems with piecewise-linear stiffness. They provided numerical
examples for systems with free-play and bilinear stiffnesses (see
Fig. 1). Aswith the friction case, they expanded the nonlinear term in
a Taylor series. The Fourier coefficients of the nonlinear function
were obtained using the integral definitions of Eqs. (14). The
integrations were performed numerically, taking care to calculate the
exact moments in time when the system states cross from one
piecewise-linear region to another. With reference to Fig. 1, this
would mean the exact moments at which the spring displacement is
equal to ��. This calculation was performed using a successive
bisection numerical scheme.Xu et al. [22] used the same approach on
a system containing both stiffness and damping piecewise-linear
functions.

K. Quasi-Periodic Limit-Cycle Oscillations

Several authors have tried to treat systems undergoing quasi-
periodic LCOs with harmonic balance techniques. Quasi-periodic
LCOs are defined as oscillations that never decay, for which the
amplitude is approximately constant but which never repeat
themselves over any time interval. Figure 2 shows such an
oscillation. The signal plotted in the figure never repeats itself but its
amplitude never exceeds 0.1 rad. Narrowband chaotic signals are a
type of quasi-periodic LCO. It should be stressed that such signals are
deterministic.

Lau et al. [18] applied the incremental harmonic balance to a
system undergoing quasi-periodic vibrations. They noted that such
vibrations have “incommensurable“ frequency content. In other
words, their frequency content cannot be described by a simple
arithmetic progression of the type �!; 2!; 3!; . . . ; N!�. Instead, the
frequencies of quasi-periodic signals can be represented by
numerous linear combinations of m different base frequencies,
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�!1; !2; !2; . . . ; !m�. Therefore, the sinusoidal expansion Lau et al.
used was of the form

x�
XN
j1��N

XN
j2��N

. . .
XN
jm��N

�
Xj1 ;j2 ;...;jm;1

sin

�Xm
k�1

jk!kt

�

�Xj1;j2 ;...;jm;2
cos

�Xm
k�1

jk!kt

��
(56)

where N is the maximum order of the series. Notice that this
expansion is written so that frequencies such as !1 � 2!2 are
possible. The total number of frequencies is ��2N � 1�m � 1�=2� 1
because some of the linear combinations yield identical sine or
cosine waves [e.g., cos�3!1 � 3!2�t� cos��3!1 � 3!2�t]. The
value of N depends on the degree of nonlinearity of the system, as
usual, and the value ofm is the number of system states. This type of
approach is very computationally expensive because, for example, if
only two base frequencies are needed and the maximum order of the
harmonic balance is kept to three, then the total number of
independent frequencies is 25. For a highly nonlinear system with
many states, this procedure becomes prohibitively expensive. Lau
et al. [18] applied the approach to a nonlinear vibrating beambutwith
the limitation that

Xm
k�1
jjkj � N

This reduced the number of acceptable frequency components.
Leung and Fung [25] wrote a paper concerning the “construction

of chaotic regions,” which is, however, a study of period-doubling
behavior, not fully developed chaos. They wrote the sinusoidal
expansion for x as

x �X0 �
X�N
k�1

�
Xk1 sin

�
k!t

�

�
�Xk2 cos

�
k!t

�

��
(57)

where � is a positive integer, initially equal to 1. Every time period
doubling occurs, � is multiplied by two to reflect the fact that the
system’s fundamental response frequency is halved. A similar
approach was used by Dimitriadis et al. [26] to treat an aeroelastic
system exhibiting a secondary Hopf bifurcation. Leung and Fung
[25] used Floquet theory to determine when period doubling will
occur. Leung and Fung applied this procedure to the Duffing
oscillator, whereas Leung and Chui [21] applied it to two coupled
Duffing oscillators. It should be noted that, in either case, the system
responses for which successful harmonic balance approximations
were calculated never exceeded period 6.

l. Time-Domain Harmonic Balance

In this work, the term time-domain harmonic balance (TDHB) is
used to describe harmonic balance schemes in which, instead of
searching for the correct amplitudes of sine and cosine terms, the
search concerns discrete time-domain realizations of the system
responses. Such an approach was first developed by Cameron and
Griffin [8], which they called the alternating frequency and time
(AFT) domain method.

In this approach, the solution of the equations of motion (1) is
expressed using its Fourier transform as X�!�. The equations of
motion are Fourier-transformed to yield

|!X�!� � F�!� (58)

whereF�!� is the Fourier transform of f�t�. Instead of the continuous
Fourier transform, Cameron and Griffin [8] decided to use the
discrete Fourier transform (DFT), evaluated using FFT algorithms.
The equations of motion become

|k!Xk � Fk � 0 (59)
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Fig. 1 Free-play and bilinear stiffness restoring forces.
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Fig. 2 Example of an quasi-periodic LCO.
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for k� 0; . . . ;M=2, where Xk and Fk are the values of the kth
frequency components of x�t� and f�x�t��, respectively. Equa-
tions (59) are the DFT equivalent of the harmonic balance governing
Eqs. (5). The harmonic balance procedure is modified to search for
the values of Xk that will satisfy Eqs. (59). However, the nonlinear
functionmust, in general, be calculated in the time domain, hence the
alternating time- and frequency-domain nature of this method,
because theXk valuesmust be inverse-Fourier-transformed to obtain
time-domain realizations xr, from which f�xr� is obtained; this is in
turn Fourier-transformed to yield the values of Fk to be substituted
into Eq. (59).

With the AFT approach, the order of nonlinearity N is irrelevant.
The only consideration is the number of frequency components used.
If M is chosen as a power of 2, then FFT procedures can be used.
There are, in total,M unknowns in Eqs. (59). These are the real parts
<�Xk� for k� 0; . . . ;M=2 and the imaginary parts =�Xk� for
k� 1; . . . ;M=2 � 1. If the frequency! is also an unknown, then the
first element of<�X1� can be set to be always equal to 0. In cases in
which the nonlinear functions in the system are all odd or all even, the
AFT procedure can be speeded up by considering only odd or even
values of k.

The AFT approach has a disadvantage when used on systems with
piecewise-linear nonlinearities. If M is chosen to be low, then the
time-domain resolution of xk will also be low. However, piecewise-
linear functions can only be evaluated accurately if the instances at
which the transitions from one piecewise-linear region to another are
pinpointed to within a suitable tolerance. One solution to this
problem is to always choose the number of samples M to be very
high, although this can be an inefficient approach for systems with
low orders of nonlinearity. An alternative approach is to create a
better sampled time-domain approximation for x�t�, from the FFT
coefficients Xk using a trigonometric interpolation polynomial of
the form

x�t� �X0 �
XM=2�1
k�1

Xk

M
exp�|!kt� �

XM=2

M
cos�!Mt=2�

�
XM�1

k�M=2�1

Xk

M
exp�|!��M � k�t� (60)

Equation (60) can be used to calculate x�t� to any desired resolution
and thus obtain highly accurate estimates of f�x�t��, even if the
nonlinear functions are discontinuous, piecewise-linear, or
hysteretic.

Liu et al. [6,7] described a method similar to the AFT, which they
call the high-dimensional harmonic balance (HDHB). Instead of
using discrete Fourier transforms and inverse Fourier transforms,
they use the Fourier series in the form of Eq. (16). Equations (5) are
the governing equations of their harmonic balance scheme, and the
Fourier series matrices

E � 2

2N � 1

1
2
I 1

2
I 	 	 	 1

2
I

sin k!t0I sin k!t1I 	 	 	 sin k!t2NI
cos k!t0I cos k!t1I 	 	 	 cos k!t2NI

0
@

1
A

and
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I sin k!t0I cos k!t0
..
. ..

. ..
.

I sin k!t2NI cos k!t2N

0
B@

1
CA

are employed to transform from time-domain values to Fourier
coefficients and vice versa, whereM� 2N � 1. The HDHBmethod
suffers from the same problem as the AFT in the presence of
discontinuous nonlinearities.

The incremental harmonic balancewith discrete Fourier transform
used by Leung and Ge [9] can also be included in the TDHB
category.

Themain advantage of TDHBmethods is related to the application
to fluid dynamic problems; Hall et al. [27] and Thomas et al. [28,29]

applied the HDHB technique to problems involving nonlinear fluid
dynamic forces. CFD solvers will typically return values of x�t� in
the time domain. Therefore, it is simpler to perform the harmonic
balance iterations in the time domain than in the frequency domain.

III. Continuation Framework

All the harmonic balance methodologies detailed in the previous
section are nonlinear problems with iterative solutions. The
unknown response amplitudes and frequency (if applicable) are
initially guessed and then improved through Newton–Raphson or
other types of iteration. Unfortunately, there are no universally
applicable rules for choosing the initial guess and, what’smore, if the
initial guess is too far away from the true solution, the iterative
procedure may fail.

In this section, the choice of the initial guess for parameter-
dependent systems, such as the system of Eq. (1), will be discussed.
The harmonic balance approaches of Sec. II will be placed in a
continuation framework in which known solutions at a particular set
of parameter values will be continued at new parameter values.

The problem addressed here is similar to the basis of the
incremental harmonic balance method in its predictor mode,
whereby a solution x0�t� at w0 is continued at w0 ��w. However,
the IHB approach assumes that x0�t� is known, which cannot be the
general case. A rigorous solution of Eqs. (1) for all w values of
interest can only be obtained if the character of the response is
considered for a very wide range of parameter values, including
parameter values for which the system is stable and periodic
solutions cannot occur.

A. Stability and Hopf Bifurcation

To render the discussion more coherent, the general form of the
system investigated in the following will be simplified to

_x� f�x; t; w� (61)

whereby the equations of motion are only dependent on a single
parameter: w. It is assumed that the solution to these equations at a
particular value ofw is not periodic, but constant and equal toxA�w�,
where xA�w� is one of the solutions of

_x� f�x; t; w� � 0 (62)

The stability of the solution can be investigated by linearizing the
equations of motion in the neighborhood of xA�w�. Equations (61)
are expanded in a first-order Taylor series as

_x
 @f
@x

����
xA

x (63)

which is valid only when x is very close to xA. Equations (63) are a
set of first-order linear ordinary differential equations and their
solution depends on the eigenvalues of the Jacobianmatrix @f=@xjxA .
The solution of Eqs. (63) is assumed to be of the form

x � xA � "p exp�t (64)

where " is a small positive real number, � is an eigenvalue of the
Jacobian, andp is an eigenvector. Substituting for x into Eq. (63) and
equating orders of " yields�

�I � @f
@x

����
xA

�
p� 0 (65)

which is an eigenvalue problem to be solved for � and p. If all the
eigenvalues have negative real parts, then xA is stable; if one
eigenvalue has a positive real part, then the solution is unstable.

Nonlinear algebraic systems of equations may havemore than one
solution, so that there may well be other possible solutions [say,
xB�w�,xC�w�, etc.]. At a particular value ofw, it can happen that two
ormore of these solution branches intersect; this intersection is called
a bifurcation. A Hopf bifurcation is defined as a bifurcation whereby
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a branch of static solutions intersects a branch of periodic solutions.
Figure 3 shows two types ofHopf bifurcation: supercritical (whereby
LCOs first appear at parameter values higher than the critical
parameter value w� 0) and subcritical (whereby LCOs first appear
at parameter values lower than the critical parameter value). The
arrows denote the direction of the continuation process.

For the study of aeroelastic systems undergoing LCOs, the most
important type of bifurcation is the Hopf. In general, aeroelastic
systems are stable at low values of the airspeed or Mach number; as
these parameters are increased, the systems bifurcate to a limit-cycle
response. This behavior will be used here to obtain the initial guesses
for the harmonic balance methods.

When following a branch of static solutions that intersects a
branch of periodic solutions at a value ofw�wH, then as this value
of the parameter is reached, one pair of eigenvalues� becomes purely
imaginary. The objective is to estimate the value of wH . This can be
done using either an indirect or a direct method [30]. Indirect
methods solve for<��� � 0by continuously changing the value ofw
and calculating the eigenvalues of the Jacobian until a pair of
eigenvalues becomes complex. Then they iterate around that
neighborhood until wH is obtained to the desired accuracy. Direct
methods set up an augmented system for which the solution
converges to the Hopf point (see, for example, [30,31]). Such
methods have the advantage of converging monotonously to the
Hopf point, but the augmented systems are quite large so that the
savings in computational effort can be negligible.

Irrespective of the method employed, when the Hopf point is
finally estimated, the values of �H and pH are also known. At this
point, the solution of equation

_x H � f�xH;wh� (66)

is known and given by xH � xA. Atw� wH ��w, provided�w is
small enough, the first truly periodic solution is assumed to be
given by

x H � xA � "jpHj sin!Ht (67)

where " is an unknown small positive parameter and jpHj denotes the
magnitude of the elements of pH. Notice that for a supercritical Hopf
bifurcation,�wmust be negative. The assumed solution of Eq. (67)
suggests that good initial guesses for a HOHB scheme are

X 0 � xA�wH� X11 � "jpHj Xk1 � 0 for k > 1

Xk2 � 0 for all k !� !H
(68)

It remains to choose a value for ". Figure 3 shows that near the
Hopf point, the slope of the periodic solutions branch approaches
infinity but then decreases. This can be replicated in the harmonic

balance scheme by choosing, for example, "�
�����������
j�wj

p
. The initial

guesses of Eq. (68) are then fed into the HOHBmethodology and the
first converged solution is obtained atw��w. The HOHB solution
can then be continued along the branch of periodic solutions by
increasing the parameterw in small steps and always choosing as the
current initial guess the converged solution from the previous value
ofw. The incremental harmonic balance technique can be continued
in its predictor form as long as the previously converged solution lies
on the periodic branch.

The starting scheme for HOHB methods discussed earlier is not
appropriate for systems with piecewise-linear nonlinearities, such as
those shown in Fig. 1. The stability of such systems depends entirely
on the stability of the inner linear system (i.e., the system with linear
stiffness equal to the stiffness inside the free-play region � �� � �).
For a hardening piecewise-linear function, as long as the inner linear
system is stable, the nonlinear system admits only static steady-state
solutions. When the inner linear system becomes unstable, the
nonlinear system admits only periodic solutions. This type of
bifurcation is usually termed “explosive“ and is graphically
visualized in Fig. 4. The initial amplitude of the periodic solution is
equal to the width of the free-play region �.

Piecewise-linear nonlinearities are usually concentrated nonlinear
functions of one of the system states or of a single linear combination
of the system states. Assume that the nonlinearity only depends on
the nth state xn. Therefore, the simplification for systems with few
nonlinear states is adopted. To start a HOHB scheme for a system
with piecewise-linear nonlinearity, first the inner linear system must
be written as

_x�Qin�w��x � xA� (69)

whereQin�w� is am �mmatrix. The stability of this system depends
on the eigenvalues of theQin matrix. Therefore, the value ofw� wE
at which a pair of eigenvalues becomes purely imaginary is sought,
exactly as in the case of the Hopf bifurcation. When wE is
determined, the oscillation frequency !E is also obtained as the
imaginary part of the critical eigenvalue. At wE, the amplitude of
vibration of the nonlinear state xn is equal to �; that is,

xn � xAn � � sin!Et (70)

At a parameter value ofwE ��w, the time history of xn is assumed
to be
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Fig. 3 Supercritical and subcritical Hopf bifurcations.
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xn � xAn � ��� "� sin!Et (71)

so that the initial guess for a harmonic balance scheme is given by
[with respect to Eq. (27)]

X0 � xAn X11 � �� " Xk1 � 0 for k > 1

Xk2 � 0 for all k !� !E
(72)

Figure 4 shows that the shape of the periodic branch near the
bifurcation point is linear, so that "��w is a good choice as long as
�w is small enough.

B. Arc-Length Continuation

In the previous section, a framework was established for initiating
a harmonic balance solution at the bifurcation point and continuing it
for increasing values of the system parameter. This type of
continuation is known as “natural parameter continuation” [32]. It
has been noted that the incremental harmonic balance approach is
particularly effective at this process in its predictor formulation. In
the first applications of the IHBmethod, the parameter of interest was
the frequency of excitation of the system. Pierre et al. [5] and Lau and
Zhang [4] both demonstrated the ability of the method to track the
system’s response amplitude for different values of the frequency of
excitation. Kim and Noah [11] used a modified harmonic balance
procedure to trace themaximum response amplitude of a systemwith
piecewise-linear stiffness at different values of the excitation
frequency. Their technique was not, strictly speaking, a continuation
method, because the solutions at each value of the parameterwere not
related to previous solutions. However, their results showed a
weakness of natural parameter continuation in the presence of some
types of bifurcation.

Consider the case of a fold bifurcation, such as the one shown in
Fig. 5 in which LCO amplitude y is plotted against nondimensional
airspeed V. The plot concerns a tall prismatic structure undergoing
galloping oscillations [33,34]. At nondimensional airspeed values
less than 1075, the system is undergoing low-amplitude limit-cycle
oscillations. However, as the airspeed increases, the LCO branch
reaches a point (V � 1584) at which it folds, moves back toward an
airspeed of 1075, and then follows a higher-amplitude path. The solid
lines denote stable parts of the LCO branch and the dashed line
denotes unstable parts. At airspeeds between 1075 and 1584, there
are three visible coexisting limit cycles: two stable and one unstable.
A harmonic balance scheme using natural parameter continuation
that was started on the low-amplitude LCO will stay on it as the
airspeed is increased until, at 1584, it will jump either to the high-
amplitude LCO or to the static solution at y� 0. Similarly, a scheme
started on the high-amplitude LCO will stay on it as the airspeed is
decreased until, at 1075, it will jump to the low-amplitude LCO.

An ideal HB continuation scheme should be able to follow the
entire LCO branch, despite the fold. The main difficulty is that at the
fold, the system Jacobianmatrix becomes singular and small changes
in parameter values cause large changes in response amplitude. In
classical numerical continuationmethodologies, bifurcations such as
folds are dealt with by means of arc-length and pseudoarc-length
continuation (see, for example, Allgower and Georg [35]). In both
these approaches, the chosen continuation parameter is not a system
parameter but a measure of the distance traveled along the periodic
branch.

Leung and Fung [25] first implemented a harmonic balance
algorithm that takes advantage of the fact that the Jacobian becomes
singular at a fold. The IHB method was modified to look for
parameter values at which a fold bifurcation occurs. Values of the
parameters for which the Jacobian in the governing IHB
equation (46) becomes singular are sought; that is,

detT1 � �� 0 (73)

This relation can be written in incremental form as�
@�

@a

�
T

�a�
�
@�

@w

�
T

�w� �� 0 (74)

Equation (74) is an additional linear equation that can be solved
simultaneously with Eqs. (46) to pinpoint folds in the parameter
space of the system under investigation. The terms @�=@a and @�=@w
can be calculated either analytically or numerically. It should be
noted that this approach is still natural parameter continuation and
will not allow the continuation of the solution beyond the fold.

Assuming that there is only one free parameter (say,w), the vector
of harmonic balance unknowns can be defined as a�
�X0 Xk1 Xk2 ! �T . The most logical arc-length parameter s
can be defined as the norm of the unknown vector a and the natural
parameter w as

s2 � aTa�w2 (75)

so that the harmonic balance equations (6) become

g �a�s�; w�s�� � 0 (76)

This procedure is usually called norm continuation. It has been
shown that norm continuation can fail under certain circumstances
(see, for example, Doedel et al. [32]). For this reason, Keller [36]
defined a pseudoarc length such that the tangent vector to the periodic
solution branch always has unit length; that is,

a 0Ta0 �w02 � 1 (77)

where prime denotes differentiation with respect to s. If the
converged HOHB solution at the kth value of the arc-length
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parameter sk is denoted by ak, then a Taylor expansion of Eq. (77)
will yield

a 0Tk�1�a�w0k�1�w��s (78)

where prime denotes differentiation with respect to s. Equations (76)
and (78) are then solved simultaneously using the following Newton
scheme:

@g
@a

����
ai;k;wi;k

@g
@w

����
ai;k;wi;k

a0Tk�1 w0k�1

0
B@

1
CA� �ai;k

�wi;k

�

��
� g�ai;k; wi;k�
�ai;k � ak�1�Ta0k�1 � �wi;k � wk�1�w0k�1 ��s

�
(79)

where subscript i denotes the ith iteration, and the (i� 1)th solution
is given by ai�1;k � ai;k ��ai;k and wi�1;k �wi;k ��wi;k. The
initial solutions at the kth value of the arc-length parameter are
obtained from the converged solution at k � 1 as a0;k � ak�1 and
w0;k � wi�1. Once the Newton scheme has converged, the next
direction vectors a0k and w

0
k are calculated from the solution of

@g
@a

����
ak;wk

@g
@w

����
ak;wk

a0Tk�1 w0k�1

0
@

1
A� a0k

w0k

�
�
�
0

1

�
(80)

Notice that the normalization of the direction vectors achieved with
these equations is only approximate, because it depends on previous
values of the direction vectors [i.e., Eq. (77) is satisfied only
approximately]. Perfect normalization can be achieved by dividing
the direction vectors resulting from Eq. (80) by their norm; that is,������������������������

a0Tk a
0
k �w02k

q
The solutions for k� 0, 1 are obtained from the Hopf or explosive

bifurcation analysis described earlier. The case k� 0 corresponds to
the exact bifurcation parameter value, and the case k� 1
corresponds to the bifurcation parameter increased by �w. For
these two cases, the arc-length parameter can be calculated using
Eq. (75) so that the first direction vectors are obtained as

a 01 � �a1 � a0�=�s1 � s0� w01 � �w1 � w0�=�s1 � s0�

with subsequent normalization by the norm of the tangent vector. For
k > 1, the pseudoarc-length equations (79) and (80) are used.

Leung and Chui [21] implemented a pseudoarc-length scheme by
defining the pseudoarc-length parameter as

sk � f�qk�1 � qk�2�=kqk�1 � qk�2kgT�qk � qk�1� (81)

where q� � aT w �T for k > 2. Therefore, s is defined in terms of
two previous points on the LCO branch. Equations (46) are extended
to

T1 T2

�ak�1 � ak�2�=kqk�1 � qk�2k �wk�1 �wk�2�=kqk�1 � qk�2k

 !

�
�
�a

�w

�
�
�
R0

�s

�
(82)

Von Groll and Ewins [14] used the arc-length definition of
Eq. (77) but chose a different discretization procedure bywriting [37]

�qi � qi�1�T�qi � qi�1� ��s2 � 0 (83)

The advantage of this equation over the Leung and Chui [21]
expression (81) is that only one previous value of q is required to
perform the continuation. Von Groll and Ewins [14] implemented
this scheme on the harmonic balance method with Newton–
Raphson.

It should be noted that several researchers have used arc-length
continuation with HOHB methods on different applications. Von
Groll and Ewins [14] applied higher-order harmonic balance with
Newton–Raphson and arc-length continuation to rotor/stator contact
problems. Raghothama and Narayan [38] applied the methodology
of Leung and Chui [21] to a geared rotor-bearing system and a pitch-
plunge airfoil with cubic stiffness [39]. However, all of these efforts
addressed only systems undergoing supercritical Hopf bifurcations.

The pseudoarc-length harmonic balance scheme described here
can be applied in an identical manner to time-domain harmonic
balance approaches.

IV. Application to Aircraft Example

The aeroelastic example used in this work is aGTAmodeled using
finite elements and doublet-lattice unsteady aerodynamics. The
modeling was performed by means of the MSC.Nastran software.
The same model was used by this author in a study of numerical
continuation methods for nonlinear aeroelastic systems [40]. The
aerodynamic and structural grids for the GTA are shown in Fig. 6.
The aircraft features an unswept rectangular wing and a T-tail. No
engines are modeled. The finite element grid contains 678 degrees of
freedom and is composed of bar elements. Five control surfaces are
modeled: two ailerons, two elevators, and a rudder. The equations of
motion were written in modal space, retaining the first seven modes
calculated from the MSC.Nastran solution. The aerodynamic
influence coefficient matrix for these modes was calculated as a
function of frequency and then expanded as a rational fraction
polynomial with four aerodynamic lags using Roger’s approx-
imation [41] to transform the equations ofmotion to the time domain.

The final equations of motion are written in first-order form as

_x�Qx (84)

where x is a state vector withm� 42 elements, 7 modal velocities _u,
7 modal displacements u, and 4 � 7 aerodynamic states v, so that
x� � _uT uT vT �T . ThematrixQ is a 42 � 42matrix that depends
on the airspeedV and air density�. Therefore, the parameter vector in
the general equation of motion (1) becomes w� �V � �T .

The equation of motion (84) is completely linear. Nonlinearities
can be added in the rotations of any of the control surfaces. In the
present case, stiffness nonlinearity was added to the aileron rotation.
The introduction of nonlinearity could be performed in modal space
because large changes in the aileron stiffness did not significantly
affect the system’s mode shapes. The corresponding elements of the
structural stiffness matrix in physical space were set to zero and the
matrix was then transformed to the modal domain; finally, the
nonlinear term was added. The equations of motion become

_x� �Qx� qf�x� (85)

where �Q is the modified state matrix, f is a nonlinear function, and q
is a m � 1 vector transforming the nonlinearity from physical space
to modal space. The finite element grid defines the aileron rotation as
the difference between the rotations of two grid-points (say, r1 and
r2). Therefore, the nonlinearity is a function of two coordinates in
physical space but all of the coordinates in modal space. Denote the
control rotation by y so that

a) Aerodynamic Grid b) Structural Grid
Fig. 6 Aerodynamic and structural grids for GTA model [40].
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y� ��r1
��r2

�u (86)

where � is the 678 � 7 modal transformation matrix, transforming
from modal to physical coordinates, and the subscripts r1 and r2
denote the r1th and r2th rows of �, respectively. Therefore, the
nonlinear function depends on a linear combination of all the modal
displacements. Equation (86) can equally be written as

y� cx (87)

where c is a 1 � 42 vector given by
c� � 0 	 	 	 0 ��r1

��r2
� 0 	 	 	 0 �. The harmonic balance

method is applied to the system by expressing y as

y�t� � Y0 �
XN
k�1
�Yk1 sin k!t� Yk2 cos k!t� (88)

The nonlinear functions chosen for this work are polynomial and
free-play stiffness. Polynomial stiffness was chosen to demonstrate
the performance of harmonic balance methods on a system
undergoing a subcritical Hopf and numerous fold bifurcations. Free
play was chosen to apply HB to a system with an explosive
bifurcation. The polynomial stiffness function is given by

f�y� � K1y� K2yjyj � K3y
3 (89)

where K1, K2, and K3 are the linear, quadratic, and cubic stiffness
coefficients, respectively. When the quadratic stiffness coefficient is
less than zero, the nonlinearity can cause the system to undergo a
subcritical Hopf bifurcation. The free-play stiffness (see Fig. 1a) is
equal to

f�y� �

8<
:
K�y � �� if y 
 �
0 if � < y < �
K�y� �� if y � �

(90)

Because the equations of motion (85) for the GTA are of the form
of Eqs. (26), the simplification for systems with few nonlinear states
can be employed.

Arc-length continuation schemes work best when ! and w and
�XT

0 XT
k1 XT

k2 �T and �XT
0 XT

k1 XT
k2 � are of the same order. In

the case of aeroelastic systems, the vibration responses are usually
less than one, whether they represent displacements measured in
meters or feet or rotations measured in radians. The radial frequency
! is generally O�10� or O�102�, the density in kilograms per cubic
meter is O�1� or O�10�1�, and the airspeed O�102� is measured in
knots or meters per second. Therefore, the parameters must be
normalized so that they are of the same order as the vibration
response amplitudes. In this work, the normalization was performed
by writing the harmonic balance in terms of period (measured in
seconds) instead of radial frequency and bymeasuring the airspeed in
kilometers per second. The density was not used as an active
parameter and therefore was not normalized.

All the harmonic balance results presented for the GTA are
compared with numerical integration (time marching) solutions
obtained using a fifth-order Runge–Kutta method [42]. For the
polynomial stiffness case, K1 was chosen as equal to zero;
K2 ��Kl=100, whereKl is the linear stiffness of the control surface;
and K3 � 104Kl. For the free-play case, K � Kl and �� 0:005 rad.

A. Harmonic Balance with Newton–Raphson and Incremental

Harmonic Balance

As already argued in thiswork, although the harmonic balance and
incremental harmonic balance are conceptually different, the results
obtained from themethods are identical. Therefore, only results from
the harmonic balance method will be presented.

Figure 7 shows the limit-cycle amplitudes predicted by the
harmonic balance with Newton–Raphson method for the GTA
model with polynomial stiffness. Four sets of results are shown,
obtained from HB with orders 1, 3, and 11 and from numerical
integration. It should be noted that all the HB calculations take

advantage of the fact that the nonlinearity is odd andmake use only of
odd orders.

The results obtained from the numerical integration show that the
system begins to undergo LCOs at 172 m=s and the first oscillations
start to occur at a nonzero amplitude. The LCO amplitude increases
steadily with airspeed up to an airspeed of 217 m=s, when
unbounded diverging oscillations start to occur. Additionally,
between 202 and 207 m=s, two more limit cycles are possible at
higher amplitudes.

The harmonic balance results identify the airspeed of 192 m=s as
the bifurcation airspeed. This also happens to be the linear flutter
speed. An unstable LCO begins to grow from zero amplitude at the
bifurcation point as the airspeed decreases. When the airspeed
reaches 172 m=s, the direction of the LCO branch changes and
moves toward positive airspeeds, whereas the LCO itself becomes
stable. This phenomenon is characteristic of subcritical Hopf
bifurcations, as shown in Fig. 3b. The first-order harmonic balance
predicts a branch for which the amplitude increases steadily until
200 m=s, when it shoots off to high values. The third-order harmonic
balance results follow the LCO branch up to 216 m=s and then fold
over toward 200 m=s, at which point they also shoot off. Finally, the
11th-order HB solution correctly follows the LCO branch through
five folds and predicts amplitudes very close to those obtained from
numerical integration. Liu and Dowell [43] also noted that
significantly higher-harmonic-balance orders are needed to
accurately predict secondary bifurcations (folds, in the present case).

Figure 8 shows the limit-cycle frequencies predicted by the
harmonic balance with Newton–Raphson method for the GTA
model with polynomial stiffness. It can be seen that the higher-
amplitude parts of the LCO branch also have higher frequency. The
first-order HB results only predict the first fold and miss the
subsequent folds. The third-order HB scheme predicts three folds in
total, whereas the 11th-order scheme correctly predicts all the folds
and yields frequencies very close to those calculated from the
numerical integration procedure.

Figure 9 shows the limit-cycle amplitudes predicted by the
harmonic balance with Newton–Raphson method for the GTA
model with free-play stiffness. Again, results for HB orders of 1, 3,
and 11 are shown, together with the numerical integration results.
This bifurcation diagram is much simpler than the one obtained for
the polynomial stiffness. There are no folds and at each airspeed only
one limit cycle is possible. The simplicity of the bifurcation behavior
increases the accuracy of all HB schemes. Even the first-order
scheme yields a highly accurate LCO branch. The 3rd- and 11th-
order results are virtually identical to those obtained from numerical
integration.

It should be stressed that in this case, the continuation scheme has
worked despite the fact that the bifurcation encountered is not aHopf.
Because the LCO amplitude jumps from 0 to � at the bifurcation
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Fig. 7 LCO amplitudes predicted by harmonic balance with Newton–

Raphson for polynomial stiffness case.
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point, the choice of initial solution for all harmonic balance schemes
is very straightforward.

The same degree of accuracy can be seen in the LCO frequency
results for the GTA model with free-play stiffness, as shown in
Fig. 10.

B. Alternating Frequency- and Time-Domain Method and High-

Density Harmonic Balance

Figure 11 plots the LCO amplitudes calculated for the GTAmodel
with polynomial stiffness from AFT procedures of M� 8 to 32. It
can be seen that all solutions can follow the LCO branch accurately
from the bifurcation point to an airspeed of 205 m=s. At that point,
the eighth-order solution diverges from the LCO branch and follows
a rather fancy path. The 16th-order solution follows the LCO branch
up to 217 m=s and goes through the first fold but then leaves the
branch and eventually moves in the decreasing airspeed direction.
Finally, the order-32 solution is highly accurate and follows all
the folds.

The AFT method is more computationally expensive than the
standard harmonic balance. The example of Fig. 11 shows that
similar results are obtained from an order-32 AFT scheme as from an
order-11 HB scheme. Despite the speed of FFT algorithms,
calculating Jacobians of size 32 � 32 is twice as expensive as the
calculation of the 23 � 23 Jacobians required for the HBmethod. By
taking advantage of the fact that the nonlinear function is odd, the
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Fig. 8 LCO frequencies predicted by harmonic balance with Newton–
Raphson for polynomial stiffness case.
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Fig. 11 LCO amplitudes predicted by Alternating Frequency time-
domain method for polynomial stiffness case.
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size of the AFT Jacobian decreases to 17 � 17, whereas that of the
HB Jacobian shrinks to 13 � 13. The AFT method is still 70% more
expensive than the HB approach.

The high-density harmonic balance method is more successful
than theAFT approach at loworders but is still more computationally
expensive than the standard harmonic balance technique. Figure 12
plots three LCO amplitude results calculated for theGTAmodelwith
polynomial stiffness from HDHB procedures, from solutions of
orders 1, 11, and 21. It can be seen that the first-order solution
features some inaccuracy in the neighborhood of the first fold. It then
follows the actual LCO branch closely up to an airspeed of 205 m=s.
The 11th-order solution is quite accurate up to the third fold but then
fails. Finally, the 21st-order solution is accurate throughout the LCO
branch. The HDHB yields the same degree of accuracy as the
standard harmonic balance method but at higher orders and, hence,
computational cost.

The main difference between the standard harmonic balance and
the time-domain harmonic balance methods is the fact that for the
latter, the Jacobian is set up by calculating the rate of change of the
harmonic balance equations to changes in time-domain values of the
responses, as opposed to Fourier series coefficients. Because the
Jacobians are calculated numerically, dependence on time-domain
values can cause inaccuracies. Consider the case in which the
Jacobian is calculated for the GTA aircraft with nonlinearity in the
control surface stiffness using Eq. (22). For the harmonic balance
method, the Jacobian is given by

1

�y
� �g�Y0 � �y� � g�Y0�� �g�Y11 � �y� � g�Y11�� . . . �g�YN2 � �y� � g�YN2�� �

whereg� � �Y0 � Ŷ0n
�T �Yk1 � Ŷk1n�T �Yk2 � Ŷk2n �T �

T , following the simplification for systemswith few nonlinear states [Eq. (34)], and the

notation g�Y0 � �y� is shorthand for g�Y0 � �y; Y11; . . . ; YN2�. Increasing the Y0 or Y11 coefficient by a small amount �y results in a new Fourier
series. For TDHB approaches, the Jacobian is given by

1

�y
� �g�y0 � �y� � g�y0�� �g�y2 � �y� � g�y2�� . . . �g�y2N� � �y� � g�y2N�� �

Although the original time signal yk was an exact Fourier series,
increasing one of the yk values by a small amount results in a new
signal that is not an exact Fourier series. Themodified signal can only
be accurately rendered as a Fourier series if the order of the series is
high, hence the reduced accuracy of THDB methods at low orders.

It should be mentioned that from a practical engineering point of
view, the airspeed at which multiple LCOs start appearing (i.e.,
around 202 m=s) is the maximum safe airspeed. Up to that point, the
LCO amplitude is predictable and any combination of initial
conditions and/or external excitation will lead the system to either a
stable solution (only possible at airspeeds less than 192 m=s) or the
single possible limit cycle. At airspeeds greater than 202 m=s, the
LCO amplitude depends strongly on the initial conditions. For the
purposes of the present work, the LCO branch was continued only
through thefirstfive folds.However, there aremanymore folds in the
same airspeed range, leading to possible LCOs of even higher
amplitudes. In practical terms, 202 m=s is the flutter speed. All HB
schemes presented here, even the first-order schemes, will follow the
LCO branch with reasonable accuracy up to that airspeed. As such,
although higher-order HB schemes can follow the LCO branch for
longer and with greater accuracy, they are of limited practical use.

The results obtained frombothTDHBmethods for theGTAmodel
with free-play stiffness are very similar to those obtained from the
HB method (as shown in Figs. 9 and 10) and therefore are not
presented in this work.

V. Conclusions

This paper presented a thorough discussion of the harmonic
balance method and several of its variants. The methods were
integrated into a continuation framework to enable them to follow the
complete dynamic behavior of a nonlinear system undergoing limit-
cycle oscillations from the bifurcation point to any desired value of
the controlling parameter. It is shown that this framework can be
started at subcritical and supercritical Hopf bifurcations and can
successfully negotiate fold bifurcations.

The harmonic balance methods were applied to a nonlinear
aeroelasticmodel of a transport aircraft with nonlinear stiffness in the
control surface. It was demonstrated that high-order solutions can
calculate the complete bifurcation behavior, following the LCO
branch with very good accuracy, starting at a subcritical Hopf or
explosive bifurcation, and continuing through a number of
successive fold bifurcations.

On the other hand, low-order HB solutionsmanaged to capture the
essence of the bifurcation behavior of the system even when they
could not closely follow a branch through the numerous fold
bifurcations. Such solutions predicted LCO amplitudes tending to
infinity at points atwhich the true LCObranch is going through folds,
resulting in several possible LCOs of increasing amplitude at the
same airspeed. Nevertheless, the results obtained were practically
significant because they were valid up to the maximum safe flight
airspeed. Furthermore, they were obtained at significantly lower
computational cost.

Finally, it was found that time-domain harmonic balance
approaches are more computationally expensive than the standard
harmonic balance methods. The former can produce LCO branch
predictions as accurate as those obtained from the latter, but only if
higher orders of approximation are used.
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